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Abstract: In this paper an analytical (AP) procedure for 
determination of all three parameters of the simplified 
Kloss formula (KF) is proposed. The method is based on 
three experimentally recorded load  points at the small 
slip part of mechanical characteristic (MC) of a squirel 
cage induction motor (IM). Examination of fitting errors, 
achieved by using KF which is determined by using the A 
method, is performed in six recorded load points from 
the small slip part of the MC, corresponding to the 
torque values of 0.25Tn, 0.5Tn, 0.75Tn, Tn, 1.25Tn and 
1.5Tn. Also, all three KF parameters are estimated  using 
the Levenberg-Marquardt (LM) method and comparative 
analysis of  fitting errors and numerical efficiency is 
performed for both methods. 
Key Words: Analytical method/induction 
motor/Kloss formula/mechanical characteristic 

1. INTRODUCTION 
Kloss formula is developed by Max Kloss, professor 

for electrical machines at the Charlotenburg Engineers 
Schools in Berlin, in 1916 [1]. Three parameters of KF 
[2], [3], two of which are breakdown torque and 
breakdown slip, and the third is a composite parameter, 
are usually calculated using parameters of equivalent 
schemes of an IM. This paper aims, on the basis of three 
experimentally recorded load points on the small slip 
part of a MC, to develop the formulae by means of which 
the mentioned parameters are to be expressed as explicit 
functions of the coordinates of recorded load points. In 
this sense, the work is a continuation of the research 
presented in the work of Petrović and Janda [4]. 
Explicit formulae significantly simplify and accelerate 
the process of estimating the parameters mentioned 
above in relation to an iterative procedure. For a non-
linear equation, such as KF, LM method [5] is the usual 
procedure for determining the parameters on the basis of 
the least square error criteria. Two problems arise when 
using LM method for precise parameter determination of 
cage motor MC curves: i) the optimal number of 

recorded load points is unknown and ii) the needed 
measuring accuracy of load points is also unknown. 
Without the exact knowledge of these two values, the 
final estimation results can be unsatisfactory, regardless 
of LM method robustness.    

On the other hand, even with high accuracy 
measurements of load points, characterizied with torque 
and speed, there is still the strong rotor temperature 
influence on MC curve as the load effect. The six 
measuring load points corresponding to 25%, 50%, 75%, 
100%, 125% and 150% of rated torque can actually 
belong to six different MC curves. Every of these MC 
curves can have different values for breakdown slip sbr, 
breakdown torque Tbr and composite parameter β. In such 
cases the LM method applied in best case can generate a 
curve intersecting the family of MC curves at 
corresponding load points, but so derived parameter 
values sbr, β and Tbr will not have physical meaning. 
The presented analytical approach enables the reported 
problems to be almost overcame what is presented in the 
following chapters. In chapter 2 the procedure of sbr, β 
and Tbr parameters derivation from three recorded load 
pints (s1,T(s1)), (s2,T(s2)) and (s3,T(s3)) on the small slip 
part of MC curve is presented. The measurement setup is 
described in chapter 3. The proposed analytical 
procedure in Chapter 4 is used for load points validity 
check and further data processing. The data processing 
using LM method is presented in Chapter 5 and Chapter 
6 is conclusion. 

 

2. THEORY OF OPERATION 
When the mechanical characteristic of the three-

phase IM is expressed by KF (1), 

brbrbr

br
br sssss

sTsT
⋅++

⋅+
=

β
β2)(  (1) 

then along with slip as an independent variable, there are 
three more physical parameters: the breakdown torque 
Tbr, the breakdown slip sbr and a composite parameter β. 

KLOSS FORMULA PARAMETRIZATION 
BY ANALYTICAL METHOD AT THREE 

MEASURING POINTS 
Nenad Petrović1, Žarko Janda2, Milan Jevtić3, Dragan Mihailović4 

1 School of Electrical Engineering „Stari grad“, Belgrade, Serbia 
2 Electrical Engineering Institute "Nikola Tesla", Belgrade, Serbia  

3Military Technical Institute, Belgrade, Serbia 
 4Mikromotor, Beograd, Srbija  



2 

To determine the three mentioned parameters, three 
measurement points obtained anywhere at different loads 
on the small slip part of the MC are necessary (2), 
( ) ( ) ( ) 321332211      ,)(,,)(,,)(, ssssTssTssTs << . (2) 

By substituting 

brsm ⋅+= β2 , (3) 
and 

brsb ⋅= β , (4) 
and including (3), (4) and (s1, T(s1)) in (1), gives 
 

( )111 )( sTbssssm brbr ++=  (5) 
 

By including (5) and load point (s2, T(s2)) in (1), a linear 
equation regarding variable b is obtained, 
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from which it follows 
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Finally, by including load point (s3, T (s3)) into (6), it is 
obtained 
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from which, with respect to (7), follows quadratic 
equation whose solution is sbr. That quadratic equation   
gives two values for the parameter sbr with the equal 
absolute values (9),  
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Taking into account the positive value of the 

parameter sbr and the value for the parameter b that is 
obtained on the basis of substituting (7) into (4), the 
expression for the value of parameter β is obtained. 

 
The last remaining parameter Tbr is obtained by 

including the values of already determined parameters sbr 
and b in (1), 
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3. THE EXPERIMENTAL MEASUREMENT SET-
UP 

 

In Fig. 1 the three phase cage motor of rated power  
P=3000W, rated speed nn=1410 rpm and rated torque 
Tn=20.3Nm is shown, together with the following test and 
measuring equipment: 
 

1. Electromagnetic brake MAGTROL HD- 805-8, 
2. Brake control module MAGTROL 4619, 
3. Brake digital display MAGTROL 4615, 
4. Digital multimeter FLUKE 8600A, 

 

 
Fig. 1. Experimental and measurement set-up 

 

4. ANALYTICAL PROCEDURE AND MEASURED 
DATA RESOLUTION INFLUENCE 

Measurements are performed for series of eight load 
points, with torque accuracy of 0.1 Nm and two speed 
resolutions, the first one of 1 rpm and the second of 0.1 
rpm (Table 1). The two different speed measuring 
resolutions are used in order to check the numerical 
sensitivity of the proposed method to speed measuring 
accuracy and resolution. 

 
 

Table 1. Measured load points 
meas. point 1 2 3 4 5 6 7 8 
Torqe [Nm] 22 21 20 19 18 17 16 15 
Speed [min-1] 1400 1408 1415 1422 1428 1434 1439 1444 
Speed [min-1] 1400.1 1407.9 1415.1 1421.8 1428.0 1433.8 1439.2 1444.3 

 
 
4.1 Analysis of speed accuracy influence on AP 

method and data validation of recorded load points 
 
In mathematical sense, by using 8 measured load 

points and choosing three of them it is possible to get 56 
combinations. In praxis that means that by applying AP 
procedure it is possible to generate 56 MC curves, 
defined with combinations of three before mentioned 
parameters sbr, Tbr and b (β), according (7), (9) and (10). 
In the optimal case these three values are almost 
identical. But, as it will be shown, the speed measuring 
accuracy and resolution are of crucial importance for AP 
procedure applicability. 

 
At speed measuring resolution of 1 rpm, 7 

combinations of load points (1,3,4), (1,5,6), (2,3,4), 
(2,3,6), (2,5,6), (3,5,6), (4,5,6) give negative value for 
sbr

2, what is unacceptable. The next 19 combinations 
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(1,2,3), (1,6,7), (2,3,5), (2,6,7), (2,7,8), (3,4,5), (3,4,7), 
(3,4,8), (3,5,8), (3,6,7), (3,6,8), (4,5,8), (4,6,7), (4,6,8), 
(4,7,8), (5,6,7), (5,6,8), (5,7,8) and (6,7,8) give positive 
value for sbr

2, but negative values for parameter b (7) 
what is unacceptable from physical point of view. The 
combination (2,3,5) gives unrealistic value sbr=0.986. 
Because of before mentioned the rest of 29 combinations 
with physically acceptable values of sbr, Tbr and β, given 
in Table 2, can be further processed. 

 
Table 2. Acceptable load point combinations at speed 

resolution 1 rpm 
m. p. 
comb.  scr 

Tcr 
[Nm] β m. p. 

comb. scr 
Tcr 

[Nm] β 
1,2,4 0.1790 29.23 6.815 1,6,8 0.1181 25.50 0.979 
1,2,5 0.1566 28.09 5.109 1,7,8 0.1425 27.22 3.882 
1,2,6 0.1767 29.12 6.670 2,3,7 0.2830 34.39 8.619 
1,2,7 0.1532 27.90 4.780 2,3,8 0.2263 32.12 7.530 
1,2,8 0.1517 27.82 4.625 2,4,5 0.1176 25.44 0.643 
1,3,5 0.2693 33.26 9.173 2,4,6 0.1726 28.88 6.461 
1,3,6 0.3404 35.42 10.033 2,4,7 0.1324 26.46 2.933 
1,3,7 0.1849 29.75 6.596 2,4,8 0.1339 26.57 3.137 
1,3,8 0.1748 29.23 6.016 2,5,7 0.1450 27.36 4.150 
1,4,5 0.1277 26.27 2.014 2,5,8 0.1434 27.26 4.011 
1,4,6 0.1741 28.97 6.529 2,6,8 0.1118 24.86 0.186 
1,4,7 0.1389 26.98 3.524 3,4,6 0.1139 24.74 1.234 
1,4,8 0.1396 27.02 3.614 3,5,7 0.1244 25.69 2.333 
1,5,7 0.1473 27.53 4.303 4,5,7 0.2097 31.65 6.796 
1,5,8 0.1458 27.44 4.160 - - - - 

 
In Fig. 2. the MC curves for 29 parameter 

combinations are shown. These MC curves are derived 
using KF (1) and parameters given in Table 2, which 
correspond to the speed resolution of 1 rpm.  
 
 
 

s
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Fig. 2. Graphs of 29 MCs obtained with 1min-1 

resolution (Table 2). Red trace is averaged AP curve and 
green trace is LM derived curve 

 
At speed measuring resolution of 0.1 rpm all 56 

parameters combinations give physically acceptable 
results. In Table 3 all parameters combinations are 
shown, together with calculated sbr, Tbr and b (β) values. 
The corresponding MC curves, generated by KF (1), are 
shown in Fig. 3. 

 

Table 3. Acceptable load point combinations at speed 
resolution 0.1 rpm 

m. p. 
comb.  scr 

Mcr 
[Nm] β m. p. 

comb. scr 
Mcr 

[Nm] β 
1,2,3 0.2287 31.72 8.327 2,4,7 0.1779 29.27 6.493 
1,2,4 0.2358 32.00 8.529 2,4,8 0.1750 29.11 6.336 
1,2,5 0.2211 31.41 8.092 2,5,6 0.1876 29.78 6.966 
1,2,6 0.2141 31.12 7.853 2,5,7 0.1740 29.05 6.310 
1,2,7 0.2039 30.67 7.460 2,5,8 0.1714 28.89 6.166 
1,2,8 0.1982 30.42 7.215 2,6,7 0.1624 28.35 5.681 
1,3,4 0.2446 32.35 8.729 2,6,8 0.1640 28.45 5.786 
1,3,5 0.2171 31.23 7.978 2,7,8 0.1659 28.56 5.889 
1,3,6 0.2091 30.88 7.703 3,4,5 0.1658 28.51 5.946 
1,3,7 0.1978 30.37 7.257 3,4,6 0.1721 28.87 6.318 
1,3,8 0.1923 30.11 7.010 3,4,7 0.1659 28.52 5.955 
1,4,5 0.1962 30.26 7.262 3,4,8 0.1648 28.45 5.883 
1,4,6 0.1951 30.21 7.218 3,5,6 0.1800 29.33 6.688 
1,4,7 0.1860 29.76 6.802 3,5,7 0.1660 28.52 5.959 
1,4,8 0.1824 29.57 6.616 3,5,8 0.1644 28.42 5.863 
1,5,6 0.1941 30.15 7.176 3,6,7 0.1542 27.77 5.263 
1,5,7 0.1810 29.49 6.580 3,6,8 0.1573 27.96 5.473 
1,5,8 0.1778 29.32 6.412 3,7,8 0.1609 28.20 5.680 
1,6,7 0.1697 28.85 6.007 4,5,6 0.1903 29.94 7.055 
1,6,8 0.1704 28.89 6.048 4,5,7 0.1661 28.53 5.963 
1,7,8 0.1712 28.93 6.089 4,5,8 0.1640 28.39 5.844 
2,3,4 0.2555 32.78 8.926 4,6,7 0.1486 27.35 4.937 
2,3,5 0.2130 31.04 7.868 4,6,8 0.1535 27.68 5.279 
2,3,6 0.2041 30.63 7.557 4,7,8 0.1595 28.09 5.617 
2,3,7 0.1919 30.04 7.062 5,6,7 0.1353 26.32 3.980 
2,3,8 0.1865 29.78 6.813 5,6,8 0.1444 26.99 4.744 
2,4,5 0.1855 29.67 6.873 5,7,8 0.1572 27.92 5.509 
2,4,6 0.1865 29.72 6.920 6,7,8 0.1764 29.30 6.273 

s
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LM

 

Fig. 3. Graphs of 56 MCs obtained with 0.1min-1 
resolution (Table 3). ). Red trace is averaged AP curve 

and green trace is LM derived curve 
 

4.2 Auto correction of measured data using the 
proposed method  

Considering results derived at 1 rpm speed 
resolution (Table 2.) it is obvious that measured load 
points number 7 and 8 tend to lower values of sbr and Tbr, 
what can be attributed to temperature influence on 
parameter values. That tendency is also illustrated in 
Table 3 with increased speed resolution of 0.1 rpm. 

After elimination of load points number 7 and 8, all 
combinations of measured data containing these load 
points are removed. After that, the averaging of ordinate 
values of MC, derived using the rest of load points 
combinations (blue traced curves in Fig. 3) and 
corresponding to the same abscissas (auto correction). So 
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derived results are given in Table 4 for both speed 
resolution used. The described procedure is the core of 
the proposed method. 
 
Table 4. Measured load  points with averaged ordinates 

meas. point 1 2 3 4 5 6 
Speed [min-1] 1400 1408 1415 1422 1428 1434 
Torqe [Nm] 21.96945 20.98509 20.03255 18.98951 18.01965 16.97656 

Speed [min-1] 1400.1 1407.9 1415.1 1421.8 1428.0 1433.8 
Torqe [Nm] 21.99249 20.99937 20.00167 18.99832 18.00114 16.99595 
 

Using expressions (7), (9) and (10) the calculated 
results for speed resolution of 1 rpm are given in Table 5 
and for speed resolution of 0.1 rpm in Table 6. 

 

Table 5. Autocorrection of measured data at speed 
resolution of 1 rpm 

 obtained from measured 
values (Table 2) 

obtained from averaged 
values (Table 4) 

m. p. 
comb.  scr 

Mcr 
[Nm] β scr 

Mcr 
[Nm] β 

1,2,4 0.1790 29.23 6.815 0.1546 27.829 5.2626 
1,2,5 0.1566 28.09 5.109 0.1546 27.828 5.2594 
1,2,6 0.1767 29.12 6.670 0.1546 27.827 5.2583 
1,3,5 0.2693 33.26 9.173 0.1545 27.824 5.2550 
1,3,6 0.3404 35.42 10.033 0.1545 27.824 5.2552 
1,4,5 0.1277 26.27 2.014 0.1545 27.823 5.2529 
1,4,6 0.1741 28.97 6.529 0.1545 27.824 5.2542 
2,4,5 0.1176 25.44 0.643 0.1544 27.819 5.2497 
2,4,6 0.1726 28.88 6.461 0.1545 27.822 5.2522 
3,4,6 0.1139 24.74 1.234 0.1545 27.822 5.2525 

 
Table 6. Autocorrection of measured data at speed 

resolution of 0.1 rpm 

 obtained from measured 
values (Table 3) 

obtained from averaged 
values (Table 4) 

m. p. 
comb.  scr 

Mcr 
[Nm] β scr 

Mcr 
[Nm] β 

1,2,3 0.2287 31.72 8.327 0.2006 30.434 7.4866 
1,2,4 0.2358 32.00 8.529 0.2006 30.434 7.4864 
1,2,5 0.2211 31.41 8.092 0.2006 30.434 7.4862 
1,2,6 0.2141 31.12 7.853 0.1943 30.146 7.1951 
1,3,4 0.2446 32.35 8.729 0.2006 30.433 7.4861 
1,3,5 0.2171 31.23 7.978 0.2006 30.433 7.4860 
1,3,6 0.2091 30.88 7.703 0.1919 30.027 7.1019 
1,4,5 0.1962 30.26 7.262 0.2006 30.433 7.4859 
1,4,6 0.1951 30.21 7.218 0.1875 29.799 6.9163 
1,5,6 0.1941 30.15 7.176 0.1761 29.192 6.3716 
2,3,4 0.2555 32.78 8.926 0.2006 30.433 7.4858 
2,3,5 0.2130 31.04 7.868 0.2006 30.433 7.4858 
2,3,6 0.2041 30.63 7.557 0.1894 29.893 7.0115 
2,4,5 0.1855 29.67 6.873 0.2006 30.433 7.4858 
2,4,6 0.1865 29.72 6.920 0.1839 29.596 6.7836 
2,5,6 0.1876 29.78 6.966 0.1702 28.825 6.1169 
3,4,5 0.1658 28.51 5.946 0.2006 30.433 7.4858 
3,4,6 0.1721 28.87 6.318 0.1785 29.278 6.5646 
3,5,6 0.1800 29.33 6.688 0.1618 28.275 5.6991 
4,5,6 0.1903 29.94 7.055 0.1484 27.352 4.8809 
 
The described procedure with auto correction is 

convergent numerical process regarding sbr, Tbr and b (β) 
values, as it is shown in Table 5 and Table 6. For the 
case of speed resolution of  1 rpm obtained values are 
sbr= 0.1545, Tbr = 27.824 and β = 5.2552 and the 
corresponding MC curve is shown in Fig. 2 as red trace. For 
the case of speed resolution of  0.1 rpm obtained values 
are sbr = 0.2006, Tbr = 30.433 and β = 7.4861 and the 
corresponding MC curve is shown in Fig. 3 as red trace. 

5. CALCULATION OF MC CURVES USING LM 
PROCEDURE 

The LM method is widely implemented in different 
applied numerical software and here is mentioned as 
versatile tool. Applying the LM procedure on 
combination of three load points recorded at speed 
resolution of 1 rpm the following resuls are obtained: i) 
for seven load points combinations, (1,3,4), (1,5,6), 
(2,3,4), (2,3,6), (2,5,6), (3,5,6) and (4,5,6), where AP 
method gives negative sbr

2 values, the LM procedure 
diverges. For the rest of load point combinations, LM 
procedure and proposed AP give the same results for sbr, 
Tbr and β values. When LM procedure is applied on 
combinations of four or more measured load points it is 
necessary to use the modified KF (1) with parameters 
defined in (3) and (4), 
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can cause divergence of LM procedure.  

For the first six load points the LM procedure gives 
parameter values sbr= 0.2178, Tbr = 31.155Nm and β = 
8.1868. The MC curve so obtained using the first six 
load points is shown in Fig. 2 as green trace. For the first 
seven load points the LM procedure gives parameter 
values sbr= 0.1589, Tbr = 28.187Nm i β = 5.3690 while 
for the all eight load points the values are sbr= 0.1469, Tbr 
= 27.458Nm i β = 4.3798. 
 At speed resolution of 0.1 rpm the LM procedure 
gives the same values for all 56 measured load points as 
the AP method. To achieve convergence of the LM 
procedure in this case (combinations of three load 
points), the KF form given in (11) is used for 
calculations. For combinations of load points having four 
or more elements, the convergence of LM procedure is 
achieved by using KF in form (12). So derived MC curve 
for the first six load points has parameter values sbr = 
0.2043, Tbr = 30.644 and β = 7.5648 and it is shown in 
Fig. 3 as a green trace. The LM procedure applied on the 
first seven load points gives parameter values sbr = 
0.1911, Tbr = 30.003 and β = 7.0484 while when applied 
on all eight load points the values derived are sbr = 
0.1835, Tbr = 29.609 and β = 6.7100. 

6. CONCLUSION 
The parameter values of sbr, Tbr and β calculated for 

combinations of three measured load points are almost 
the same in cases of both speed measuring resolutions 
and they are independent of method used, LM or AP. For 
the case of increased load points number, the LM 
procedure gives increased values of parameter of interest 
when compared to AP method. Measuring speed 
resolution increase leads to better convergence of both 
numerical procedures applied, the LM and AP. 

When applying the AP and LM procedures on 
increased number of measured load points, load points 
corresponding to lower torque values force the Tbr to 
converge to lower value than expected and should be 
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omitted As final result the MC derived using AP and LM 
method should be very close and have the acceptable Tbr 
value.  

The further research should be directed to close 
grouping of the load points in the vicinity of one chosen 
(good choice is the rated torque), using speed measuring 
resolution of 0.1 rpm or better. In such way the 
temperature influence on results derived using both 
methods is alleviated. 
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